0 morphology. A significant advantage of this AE-CP model is that its high efficiency enables it to be effectively incorporated in polycrystalline crystal plasticity FE simulations, while retaining the accuracy of detailed sub-grain level representative volume element (SG-RVE) models. The SG-RVE models are created for variable morphology, e.g., volume fraction, precipitate shape and channel-widths. The sub-grain crystal plasticity model incorporates a dislocation density-based crystal plasticity model augmented with mechanisms of anti-phase boundary (APB) shearing of precipitates. The sub-grain model is homogenized for developing parametric functions of morphological variables in evolution laws of the AE-CP model. Micro-twinning initiation and evolution models are incorporated in the single crystal AE-CP finite element models for manifesting tension-compression asymmetry. In the next ascending scale, a polycrystalline microstructure of Ni-based superalloys is simulated using an augmented AE-CP FE model with micro-twinning. Statistically equivalent virtual polycrystals of the alloy CMSX-4 are created for simulations with the homogenized model. The results of simulations at each scale are compared with experimental data with good agreement.
Introduction
Ni-based superalloys are widely used in propulsion components of the aerospace industry such as turbine engine blades, disks, casings and liners. These alloys possess a desirable combination of high temperature strength and toughness, oxidation and creep resistance, and high temperature stability (McLean and Cahn, 1996; Sungui et al., 2011) , attributed to a sub-grain scale two-phase c À c 0 microstructure as shown in Fig.1 . The continuous c-matrix phase has a face centered cubic (fcc) lattice structure, and is an alloy of Ni and Cr with a small fraction of other alloying elements. The precipitate phase c 0 is a coherent ordered inter-metallic reinforcing phase of L1 2 crystal structure of Ni 3 Al type, which appears as a distribution of cuboidal precipitates in a solid solution as shown in Fig. 1(b) . The shape and size of the c 0 -phase depend largely on the cooling rate and internal stress gradients during the casting and heat treatment processes (Epishin et al., 2001; Pollock and Sammy, 2006; Ignat et al. 1993 ). Slower cooling rates lead to the formation of bimodal populations of large (>500 nm) secondary and small (<50 nm) tertiary c 0 precipitates, while higher cooling rates yield predominantly unimodal distribution of secondary c 0 precipitates (300-500 nm) (Pollock and Sammy, 2006) . The c 0 precipitates act as effective obstacles to the motion of dislocations by virtue of their shape and ordered structure. Depending on the temperature range and stress levels, dislocations either bypass or shear precipitates. The volume fraction of c 0 precipitates, their mean size and spacing have a major effect on the mechanical properties of these superalloys (Viswanathan et al., 2005; Van Sluytman and Pollock, 2012) . Micromechanisms controlling creep in polycrystalline Nibased superalloys are quite complex (Viswanathan et al., 2005; Kovarik et al., 2009) 
. At intermediate temperatures 650
C 6 h 6 800 C and moderate stress levels $650 MPa, dominant deformation mechanisms include anti-phase boundary (APB) shearing and micro-twinning. The probability of occurrence of a given mechanism depends on the load, crystal orientation and microstructural deformation is controlled by Orowan looping and jump mechanisms (Unocic et al., 2011) . Deformation behavior under various loading and temperature conditions has been analyzed both for single crystal (Chatterjee et al., 2010; Cormier et al., 2007) and polycrystalline (Torster et al., 1997; Hong et al., 2009 ) Ni-based superalloys. Meso-scale modeling of the c À c 0 phases in single crystal Ni-base superalloys with unimodal precipitate sizes and periodic distributions has been conducted in (Pollock and Argon, 1992; Nouailhas and Cailletaud, 1996; Ohashi et al., 1997; Busso et al., 2000) using phenomenological viscoplastic constitutive laws. Crystal plasticity finite element models (CPFEM) have been implemented to model creep and deformation response of single crystal and polycrystalline Ni-based superalloys in Choi et al., 2005; Zambaldi et al., 2007; Roters et al. 2010) . In these models, the behavior of single-crystal superalloys with high volume fraction of cuboidal precipitates has been simulated using a gradientdependent plasticity model. Polycrystalline CPFEM simulations incorporate information on the orientation of grains obtained from EBSD images of the material microstructure. Phenomenological crystal plasticity models are based on the power law description (Asaro and Needleman, 1985) , or the thermally activated theory of plastic law (Kocks et al., 1975) , which accounts for the rate and temperature sensitivity of plastic flow. The latter model has been shown to accurately model a large range of strain rates and temperatures. A limitation of the above models for Ni-based superalloys is their lack of incorporation of the underlying microstructural characteristics at the sub-grain scale, e.g., c À c 0 volume fraction, shape of the c 0 precipitates and the c channel-width, which affect the single crystal and polycrystalline behavior. Three scales are dominant when modeling polycrystalline behavior of Ni-based superalloys using CPFEM. They are:
i. Sub-grain scale, characterized by the size of c 0 precipitates and their spacing or c channel-width;
ii. Grain-scale of single crystals characterized by grain-boundary distance; iii. Scale corresponding to representative volume elements of polycrystalline aggregates.
Crystal plasticity models should hierarchically incorporate information at each scale for generating constitutive models that can be implemented for microstructure-property relations, as well as microstructure design. It is computationally intractable to simulate the behavior of polycrystalline microstructures with explicit representation of the c À c 0 microstructure. While analytical models have been proposed to overcome this limitation using simplifying assumptions for dislocation distribution in Probst et al. (1999) , they are not appropriate for multi-axial or non-monotonic loading histories. In Busso et al. (2000) , hardening parameters are expressed as functions of the average size of precipitates. Crystal plasticity models with implicit dependencies on grain and precipitate sizes and volume fraction, have been proposed in Fedelich (2002) by assuming random distribution of precipitate phases. Computational models involving hierarchical approaches for Nibased superalloys have been proposed in Shenoy et al. (2007) , Shenoy (2006), and Song (2010) . In Shenoy et al. (2007) and Shenoy (2006) , dislocation-density based crystal plasticity models for creep and fatigue have been developed using artificial neural network algorithm for rate-dependent internal state variable constitutive models, implicitly incorporating effects of averaged grain size, c 0 volume fraction and size distribution. The dependence of strength and hardness on microstructural parameters is accommodated by fitting with experimental data. The models of Shenoy (2006) have been extended in Song (2010) for different temperature ranges and load histories. The stress for nucleating dislocations has been expressed as a functional form of the volume fraction and the size of precipitates in Fromm et al. (2012) .
It is evident that efficient, hierarchical crystal plasticity models with explicit relations to microstructural features are necessary for unraveling the dependence of mechanical behavior and properties on microstructure. The hierarchical framework may be accomplished for Ni-based superalloys through the homogenization of lower (sub-grain) scale response to develop higher (grain) scale constitutive relations. This is achieved by incorporating parametric forms of subgrain-scale morphological characteristics in grainlevel constitutive relations. Ghosh et. al. have implemented computational homogenization approaches using asymptotic expansion methods to develop reduced order homogenized constitutive models for continuum plasticity of polycrystalline metals (Ghosh and Anahid, 2013) , ductile fracture in heterogeneous metals (Ghosh et al., 2009; Ghosh, 2011) and damage in composites (Jain and Ghosh, 2008) . These reduced order models with parametric forms, representing microstructural morphologies, have a huge efficiency advantage over explicit micromechanics models. In a recent paper (Keshavarz and Ghosh, 2013) , the authors have developed a hierarchical model for Ni-based superalloys, where the subgrain-scale model response is homogenized to obtain a grain-scale crystal plasticity constitutive model. The present work extends this work to include polycrystalline microstructure modeling in a three-scale hierarchical modeling framework. In this paper a sequence of steps is pursued to systematically create a hierarchical framework for realizing a homogenized crystal plasticity constitutive model for polycrystalline Ni-based superalloys. The crystal plasticity models account for monotonic loading only and cyclic loading is not considered in this paper. A schematic view of the multi-scale problem, ranging from the sub-grain c À c 0 microstructure to the meso-scale polycrystalline ensemble is shown in Fig. 1 . The first step involves development of crystal plasticity finite element (CPFE) model of a sub-grain scale representative volume element or RVE, delineating explicit morphologies of the c À c 0 microstructure shown in Fig. 1(c) . The CPFE model incorporates a size-dependent dislocation density-based crystal plasticity model together with the mechanism considered in this study of anti-phase boundary (APB) shearing of c 0 precipitates. Experimental studies have shown that mechanisms such as APB and microtwinning are important at the temperature range (650 C 6 h 6 800 C). In this temperature range, dislocation glide on the primary octahedral plane (1 1 1) are responsible for plastic deformation and hence cube slip systems on (0 0 1) plane are ignored in this study. Section 2 introduces the sub-grain scale dislocation density crystal plasticity constitutive laws with APB shearing of c 0 precipitates. The next step involves the development of an activation energy-based crystal plasticity (AE-CP) model at the scale of single crystals, by homogenizing the sub-grain model response. The homogenized model incorporates the sub-grain morphology through critical morphological parameters (Keshavarz and Ghosh, 2013) . Section 3 provides a framework for the AE-CP model and homogenization. This section also introduces nucleation and evolution models for micro-twins in the grain. The final step involves augmentation of the homogenized AE-CP model, accounting for the effects of geometrically necessary dislocations or GND's, for analyzing polycrystalline microstructures. This is developed in Section 4.
The authors recognize that the limits of the continuum theory of dislocation density evolution may be reached for the nano-channels with the dislocation density-based crystal plasticity model used in this study. Explicit representation of dislocation networks is not realized in this formulation. Alternate methods like 3D phase field or discrete dislocation dynamics (DDD) models e.g., (Haghighat et al. 2013 ) are making advances in understanding different deformation and creep processes. However these models are still evolving and are not yet able to completely represent necessary mechanics and multi-phase morphology necessary for this study. Additionally, the interfaces between these methods and continuum models are still not well defined, especially in 3D. In view of this discussion, the dislocation density based model is considered the most viable option at this time. The two-phase binary Ni-based superalloy consists of a primary matrix c phase (pure Ni) and a secondary intermetallic c 0 (Ni 3 Al) phase as shown in Fig. 1(b) . The primary phase is a solid solution with a face-centered cubic or fcc crystal structure, with four planes of inelastic slip corresponding to the f1 1 1g family, i.e., c in Miller indices. The secondary c 0 phase has an ordered crystalline lattice of type L1 2. Atoms of aluminum are placed at the vertices of the cubic cell, while atoms of Ni are located at centers of the faces as shown in Fig. 1(b) . For each of slip plane, there are three slip directions of h110i family along the Burgers vectors. Dislocations dissociate in the c 0 -phase, leading to formation of an anti-phase boundary (APB). Slip system details in the reference configuration are given in Table 1 .
Ni-based superalloys exhibit anisotropic behavior in the plastic regime due to slip system interactions in the c À c 0 sub-grain microstructure. Plastic deformation is accommodated through crystallographic slip on discrete slip systems and by APB shearing of the c 0 phase. A signed dislocation density-based crystal plasticity model proposed in Ma and Roters (2004) and Ma et al. (2006) is implemented in this paper to model rate-dependent plastic behavior. These models incorporate evolution of statistically stored (SSD) and geometrically necessary dislocations (GND) due to the plastic deformation. Plastic strain gradient at the c À c 0 phase interface and grain boundaries lead to generation of GNDs. The micromechanical crystal plasticity model accommodates multiplication and annihilation of SSDs in the c-channel and also accounts for APB shearing of c 0 precipitates by matrix dislocations.
Dislocation density-based crystal plasticity model
Crystal deformation results from a combination of the elastic stretching and rotation of the crystal lattice and plastic slip on different slip systems. Large-strain kinematics is accommodated through a multiplicative decomposition of the total deformation gradient F into an incompressible, inelastic component F p associated with pure slip, and an elastic component F e that accounts for elastic stretching and rigid-body rotations (Asaro and Rice, 1977) , expressed as:
Evolution of plastic deformation is expressed in terms of the plastic velocity gradient L p , the plastic shear rate _ c a on the slip system a, Schmid tensor s a 0 m a 0 n a 0 (in terms of the slip direction m a 0 and slip plane normal n a 0 in the reference configuration) as:
The stress-strain relation invokes the second Piola-Kirchhoff stress S and its work-conjugate Lagrange-Green strain tensor E e in the intermediate configuration as:
I is the identity tensor, C is a fourth order anisotropic elasticity tensor and r is the Cauchy stress tensor. The plastic shearing rate on a slip system a is expressed using the Orowan equation as
a , where q a m is the density of mobile dislocations, b is the Burgers vector and m a is the velocity of dislocations on the slip system a. The velocity of dislocations, which is a function of the applied shear stress s a , the passing stress s a pass in the slip system and other slip system resistances, is written as:
where k is the distance traversed by dislocations subject to the probability of overcoming barriers, t is the oscillation frequency of dislocations, Q act the activation free energy required to overcome the obstacles to slip without the aid of an applied shear stress, k B is the Boltzmann's constant, h°K is the absolute temperature and hi is the Macaulay bracket. Slip system resistances are represented in terms of the passing stress s a pass due to the interaction of mobile dislocations with other dislocations and their networks in the slip plane, and the cutting stress s a cut due to the mobile dislocations cutting the forest dislocations with density q a F perpendicular to the slip plane. The stresses are expressed in Keshavarz and Ghosh (2013) 
where c 1 and c 2 are material constants and G is the shear modulus and Q is the activation energy. Contributions to the overall slip resistance are assumed to be due to both the density of immobile, statistically stored dislocations q a SSD , and the vector field of geometrically necessary dislocation density q a GND . The rate of evolution of statistically stored dislocation density _ q a SSD has been identified in Ma et al. (2006) as the net effect of components due to lock formation, dipole formation, athermal annihilation and thermal annihilation as:
Superscripts +/À correspond to multiplication and annihilation respectively. The rate increase due to lock formation, dipole formation, and decrease due to mechanisms of dislocation annihilation due to thermal and athermal annihilation are respectively given as (Ma and Roters, 2004) :
where c 3 ; c 4 ; c 5 ; c 6 and c 7 are material constants, D 0 is the diffusion co-efficient, Q bulk is the activation energy for dislocation climb and _ c ref is a reference shear rate. Each of the contributing components in Eq. (7) 
where m a , n a and t a ¼ ðn a Â m a Þ are unit vectors in the slip direction of the Burgers vector, normal to the slip plane a, and tangent to the edge dislocation direction respectively. Correspondingly, _ q a
GNDs , _ q a
GNDet and _ q a
GNDen are the screw component and two edge components parallel to n a and t a , respectively. r X is the gradient operator in the material coordinate system. The forest and parallel dislocation densities are now written as functions of the SSDs and GNDs (Ma and Roters, 2004) with an interaction strength coefficient v ab between different slip systems (Arsenlis and Parks, 2002) , as:
which evolve with the SSDs and GNDs due to plastic deformation and hardening mechanisms. The density of mobile dislocations q a m is computed as a function of forest and parallel dislocation density and the temperature as (Ma and Roters, 2004) : 
The corresponding flow rule for the c 0 phase is expressed as: 
where Hðq a m À q c Þ and H(s a À s c ) are Heaviside functions, s c is the critical resolved shear stress and q c is the critical density at the interface.
Implementation of the constitutive model to the CPFEM code and time-integration
Rate-dependent crystal plasticity equations for the c and c 0 phases are implemented in the CPFEM code, using an implicit time-integration scheme. Implicit schemes (Kalidindi, 1998) using the backward Euler time integration methods, solve a set of nonlinear algebraic equations in each time interval t 6 s 6 t þ Dt using iterative Newton Raphson or Quasi-Newton solvers. The integration requires known deformation variables e.g., FðtÞ and F p ðtÞ, q GNDs ðtÞ and q SSD ðtÞ, and slip system deformation resistances s pass ðtÞ and s cut ðtÞ at time t, as well as Fðt þ DtÞ, as inputs to a material update routine CPFEM-MAT. Integrating Eq. (2), the plastic part of deformation gradient at time t þ Dt is expressed as:
Substituting the expressions for F p ðt þ DtÞ and Fðt þ DtÞ into Eqs.
(1) and (3), the incremented second Piola-Kirchhoff stress is calculated as:
where
The second Piola-Kirchhoff stress in Eq. (14) is solved by using a nonlinear Newton-Raphson iterative solver:
Subsequently the plastic deformation gradient, Cauchy stress and the tangent stiffness matrix W ijkl ¼ @r ij @e kl are computed in CPFEM-MAT and passed on to the FE program for equilibrium calculations. The time integration scheme is detailed in Table 2 .
Parameter calibration and validation of the constitutive law
Selected constitutive parameters in the crystal plasticity model for c À c 0 phase Ni-based superalloys with APB shearing have been calibrated for the alloy CMSX-4 (Ni, Cr-6.4, Co-9.3, Al-5.45, Ta-6.3, W-6.2, Ti-0.9, Mo-0.5, Re-2.8 in wt%) in Keshavarz and Ghosh (2013) . Calibration of constants c 1 and c 2 in Eq. (5) and constants c 3 ; c 4 ; c 5 ; c 6 and c 7 in Eq. (7) are done using experimental data from tensile constant strain-rate tests in Knowles and Gunturi (2002) . The critical shear stresss c and the threshold dislocation densityq c in Eq. (11) are calibrated from the tension creep experimental data in Fleury et al. (1996) . These are listed in Table 3 .
The symmetric, elastic stiffness tensor C ab ¼ C ba ða ¼ 1 . . . 6; b ¼ 1 . . . 6Þ is considered to be isotropic for both phases, for which the non-zero components are obtained from (Kayser and Stassis, 1981) . In addition, the Burgers vector b and the activation energy Q are obtained from handbook values, given in Table 4 .
To validate the crystal plasticity constitutive relations with APB shearing, the CPFEM analyses results are compared with experimental data in Fleury et al. (1996) and Knowles and Gunturi (2002) . The RVE is for a regular array of cubic precipitates with a 70% volume fraction, as shown in Fig. 2(a) . Its dimensions are 0:5 lm Â 0:5 lm Â 0:5 lm. The edge length of cubic c 0 particles, allocated symmetrically at the eight corners, is 0:45 lm. The CPFE model of the microstructural RVE is discretized into 2200, 8-noded brick elements using selective reduced integration. CPFEM simulations are conducted with an applied strain-rate of 0:0001 s À1 in the y-direction at a temperature of 800°C. To emulate experimental conditions, a tensile constant strain-rate is applied to the top y-surface in Fig. 2(a) , while rigid body modes are suppressed by applying boundary conditions on the bottom y-surface as: u y ¼ 0 on all nodes u x ¼ 0 on nodes on the linex ¼ 0:25 lm and u z ¼ 0 on nodes on the line z ¼ 0:25 lm.
The volume-averaged Cauchy stresses r ¼ where l 0y and u y are respectively the initial dimension and the y-direction displacement of the top surface of the RVE. The volume-averaged stress-strain response is compared with experimental data from (Fleury et al. 1996) in Fig. 2(b) . In general there is a good agreement between the experimental and model predictions. A small divergence with increasing strain may be attributed to the assumed simple RVE with symmetric distribution and C : ðAðt þ DtÞ À IÞ using Eqs. (14) and (15) ii interfaces. To preserve lattice continuity, the GNDs must evolve causing an increase in mobile dislocation density q m . The distribution of q m along the x-axis at state 2 is plotted in Fig. 5(b) . There is little difference in q m for the states 1 and 2 in the c 0 phase. However this difference is significant in the c-channel due to evolution of GNDs. In the post APB shearing stage, the c 0 -phase experiences plastic deformation with considerable rise in q m . Fig. 5(c) and (d) show the q m distribution at states 2 and 3. At state 2, corresponding to the activation of APB shearing, the initial value of q m does not change in the c 0 phase. Beyond this state, q m starts to evolve and reaches the distribution in Fig. 5(d) at 5% strain. The effect of precipitate shape is explored through another RVE containing a 40% volume fraction of spherical precipitates as shown in Fig. 6(a) . The channel width for spherical precipitates is the same as for cubic at the boundary, but increases at other regions. This corresponds to a precipitate radial edge-length of 0:45 lm. All other conditions are the same as in the constant strain-rate problem of the previous example. The microstructural RVE model is discretized into 1512, 8-noded brick elements. The same state-markers are inserted in stress-strain response plot of Fig. 6(b) . The distributions of the mobile dislocation density at states 1, 2 and 3 along the x-axis are plotted in Fig. 6(c) , while Fig. 6(d) shows the q m distribution at state 3. Responses for the cubic and spherical precipitates are quite different between the states 1 and 2. For the cubic shape, the transition of plastic flow from the c to c 0 phase is sharp. Plastic deformation in the c channel does not affect the response much, as the channel Table 3 Experimentally calibrated parameters for the sub-grain scale crystal plasticity model. Table 4 Stiffness and crystal plasticity parameters for the sub-grain model. width is generally small as observed in Fig. 2(a) . This situation is different for the spherical precipitates where after state 1, nucleated dislocations in the c phase rapidly evolve in the channel where the round interface between c and c 0 provides more spaces to accommodate higher dislocation densities.
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Grain-scale crystal plasticity model with microtwinning

Homogenized activation energy-based crystal plasticity (AE-CP) model
Results of simulation of the sub-grain RVE model, discussed in Section 2, are homogenized to generate constitutive parameters for a grain-scale activation energy-based crystal plasticity (AE-CP) model. Determination of parameters is assumed to be governed by the Hill-Mandel principle of macro-homogeneity (Hill, 1984; Nemat-Nasser, 1999 ), expressed as:
Here S and _ E correspond to the second Piola-Kirchhoff stress and the Lagrangian strain rate, respectively and the symbol hi corresponds to volume averaging over the RVE domain. The constitutive parameters are formulated in terms of morphological variables and are calibrated by computational homogenization.
The proposed grain-scale, homogenized crystal plasticity model for fcc Ni-based superalloys follows the framework of activation energy-based crystal plasticity (AE-CP) models (Kocks et al., 1975; Frost and Ashby, 1982; Xie et al., 2004) . The homogenized constitutive model incorporates an evolving thermal shear resistance as well as an athermal shear resistance due to plastic deformation. For a slip system a, the plastic shearing rate follows from the Orowan equation as:
Here Q is the activation energy barrier, k B ð¼ 1:3807 Â 10 À23 J K À1 Þ is the Boltzmann's constant, h is the temperature and exponents p, q are material constants. For the slip system a, _ c a Ã is a reference strain-rate, s a eff ð¼ js a j À s a a Þ is the effective resolved shear stress. The temperature-dependent critical slip resistance s a ð> 0Þ is assumed to be comprised of a thermally activated obstacle to slip s a Ã and a part due to the athermal obstacles s a a . The athermal and thermal shear resistances s a a and s a Ã correspond to the passing and cutting stress barriers, respectively. The difference between the athermal shear resistance and the resolved shear stress is the driving force for dislocation motion on the slip system a. _ c a Ã can evolve with the activation of APB shearing, when the c-phase experiences plastic deformation with increasing dislocation density, especially near the c À c 0 interfaces. This deformation effect can be significant for some c 0 precipitate shapes, e.g., spherical, but not as strong for cuboidal. An yield point phenomenon is applied to introduce a morphology dependent functional form for _ c a Ã (Keshavarz and Ghosh, 2013) as:
where H is the Heaviside step function, _ rate. The thermal shear resistance, accounting for forest dislocations normal to the slip plane and the athermal shear resistance reflecting the effect of parallel dislocations in the slip direction m a , are expressed as:
where n a is slip-plane normal, t a ¼ m a Â n a , and the total shear resis-
The initial values of the athermal and thermal shear resistances are respectively s a a0 ; s a Ã0 . For convenience, coefficients accounting for the interactions between slip systems are taken to be the same i.e., h
is the deformation resistance on slip system a due to shearing on slip system b. It describes both self and latent hardening as:
The parameter h b denotes the resistance dependent self-hardening rate, s b sat is the saturation value of reference shear stress and r is a constant exponent. The coefficient q ab ¼ q þ ð1 À qÞd ab , where q is a latent-hardening parameter chosen as 1.4.
Sub-grain morphological parameters
Three characteristic parameters representing the sub-grain microstructural morphology in Fig. 1(c . The shape factor is described in terms of the exponent of a generalized ellipsoid:
a; b and c are the dimensions of the three principal axes and n is shape exponent. Here, a ¼ b ¼ c is assumed to represent equiaxed precipitates. A value n ¼ 2 corresponds to a sphere while n ! 1 corresponds to a cube. To avoid a singular value of n, a transformed shape factor n 1 ¼ tan À1 ðnÞ is used in the parameterization. The effect of these morphological parameters on the volumeaveraged stress-strain response of the RVE using the sub-grain dislocation density CPFE simulations is examined and depicted in Fig. 7 . For each simulation conducted at 0:0001 s À1 and 800°C, one of the parameters is varied, while the other two are held constant. Variables considered are (i) cubic precipitates of volume fractions 75:13% and 57:87%, (ii) shape factors n ¼ 2:0 and 1, and (iii) channel-width l c ¼ 0:29 lm and l c ¼ 0:58 lm for cubic precipitates of 29.63% volume fraction. Results in Fig. 7 show that with increasing volume fraction, the post-yield plastic response does not change too much even though the yield strength increases. The yield strength changes and the plastic response diverges with increasing strain for different shapes. The plastic response changes with increasing channel-width, while the yield strength decreases only slightly.
Plastic slip and hardening parameters in the grain-scale AE-CP model are functions of the SSDs and GNDs. SSDs do not generally change much with morphological variables i.e. they are size inde- 
Crystal plasticity hardening parameters are functions of the plastic slip c a due to SSD's. Morphological parameters should also be incorporated in these functions to account for the effect of GNDs or gradient of plastic shear strain rc a . Sensitivity analyses indicate that the initial thermal shear resistance and its rate, the reference sliprate _ c Ã and the saturation shear stress s a sat are functions of the morphology. Thus, in Eqs. (19)- (21) 
The initial strain rate _ c 0 and hardening parameter h 0 are insensitive to the morphology.
Calibrating the grain scale AE-CP model parameters
Eqs. (18)- (21) and (23) contain a number of material parameters, some of which vary with the morphology while others are independently constant. The constant material parameters that should be experimentally calibrated for the AE-CP model are the activation energy Q and exponents p; q in Eq. (17), _ c 0 in Eq. (18) and hardening parameter h 0 and exponent r in Eq. (20). These parameters have been calibrated in Keshavarz and Ghosh (2013) for single crystal CMSX-4 using experimental data from tensile constant strain-rate and creep tests in Knowles and Gunturi (2002) and Fleury et al. (1996) , respectively. The parameters are listed in Table 5 .
Subsequently, the morphology-dependent AE-CP parameters s a An example of the sub-grain RVE, FE model containing spherical precipitates of 39.16% volume fraction and different channelwidths, discretized into 8-noded brick elements, is depicted in Fig. 8(a) . In Fig. 8(b) , the homogenized AE-CP model parameters are calibrated with the averaged stress-strain responses from the RVE model.
Functional forms of homogenized AE-CP constitutive parameters
Functional forms of the constitutive parameters s a Ã 0 ðn 1 ; m p ; l c Þ, k Ã ðn 1 ; m p ; l c Þ, kðn 1 ; m p ; l c Þ and s b sat ðn 1 ; m p ; l c Þ in Eqs. (23) are generated for representing the effect of morphology on the single crystal behavior. To derive these functional forms by computational homogenization, a large number of sub-grain RVE model simulations with varying volume fractions, channel-widths and shapes are conducted (Keshavarz and Ghosh, 2013) . These set of simulations yield the following functional forms, where the coefficients are determined by solving a set of least square minimization problems.
The explicit dependence on channel-width l c reflects the size-effect due to the presence of GNDs in the sub-grain dislocation density CP model. In Eqs. (24)- (27) the unit of l c is lm, while the units of initial thermal resistance and saturation shear resistance in Eqs. (24) and (25) are MPa. Simulations for both the AE-CP and SG-RVE FE models are conducted for an applied strain-rate of 0:0001 s À1 in the y-direction at 800°C. The true stress-logarithmic strain response by the AE-CPFE model and the averaged stress-strain response by the SG-RVE FE model are plotted in Fig. 9 . Excellent agreement is obtained between the homogenized grain-scale AE-CPFE model with morphological parameters and the explicit sub-grain RVE model. A notable advantage of the homogenized model is the significant efficiency gain over explicit RVE models. For this example, the gain in efficiency is of the order of 10 4 (few seconds for AE-CPFE model) with identical response. This efficiency advantage is necessary when modeling polycrystalline microstructures. The second example involves validating the AE-CP constitutive model with results from creep experiments in (Ma et al., 2008) for single crystal CMSX-4 with 70% volume fraction of c 0 precipitates. In Ma et al. (2008) two tensile loads of 650 and 770 MPa are applied in the [0 0 1] direction at 750°C. CPFEM analyses with the homogenized parameters are conducted for a single grain under these conditions. The simulated logarithmic strain-time response by the simulations is compared with the experimental results in Fig. 10 with good agreement.
Micro-twinning in grain-scale crystal plasticity model: tensioncompression asymmetry
Single crystal experiments on Ni-based superalloys show considerable tension-compression asymmetry. Large difference in the creep response for single crystals loaded in the [0 0 1] and [0 1 1] directions under tension and compression conditions has been reported in Fleury et al. (1996) and Knowles and Gunturi (2002) . APB shearing is responsible for the difference in tension and compression tests in the [0 0 1] direction. However, transmission electron microscopy observations in Unocic et al. (2011) have reported micro-twinning mechanism for high temperature creep deformation. To account for this tension-compression asymmetry, a microtwinning model developed in Unocic et al. (2011) is incorporated in the grain-scale crystal plasticity formulation. The criterion for micro-twin nucleation in Unocic et al. (2011) is based on the state of dissociation of the leading and trailing partials on a slip system, where the condition for dissociation of a full dislocation a=2h110i is given as a function of the magnitude and orientation of the in-plane shear stress. With deformation, the leading and trailing Shockley partials experience stresses s lead and s trail respectively. From the magnitudes of in-plane resolved shear stress s inplane , stresses s lead and s trail the criterion examines whether the partials will remain together or get dissociated at the interface of the c À c 0 phases. Thus, if ks inplane k > s lead ks inplane k < s trail , the leading partial passes through and hence the leading and trailing partials remain dissociated. The direction of dislocation is also another determinant for dissociation. This condition is applied to yield asymmetry due to the difference in the direction of dislocation motion for tension and compression.
The micro-twin evolution model is based on the premise that c 0 precipitate shearing and subsequent re-ordering is the predecessor to the movement of partials that cause plastic slip. The thermal reordering rate by diffusion depends on the activation energy barrier, deformation and b tp is the Burgers vector of the twin partials. The velocity of twin partials may be written as:
where f reorder is the frequency of re-ordering, k reorder is the reordering distance and P reorder is the probability of re-ordering against the energy barrier, which is a function of plastic dissipation and internal energy barrier. The internal energy barrier is expressed as , where f 3 is the volume fraction of the tertiary c 0 precipitates. Thus, the plastic shear strain-rate due to micro-twinning is written from the Orowan equation as:
where q tp is the density of partials which is a function of applied stress and time.
The homogenized AE-CP model, along with the grain-scale micro-twin nucleation and evolution models in Eqs. (18)- (29), are employed to simulate creep response of single crystal superalloys. Significant tension-compression asymmetry is observed in the experimental data plotted in Fig. 11 for single crystal CMSX-4 specimen (Kakehi, 1999) . Micro-twin formation is not seen for tension loading in the [0 0 1] direction. However, significant microtwin has been seen to develop for compression in this direction in the TEM studies of Kakehi (1999) . Deformation is dominated by strain due to micro-twin evolution as shown in Fig. 11(a) . Similar observations have also been made in experiments with loading in the [0 1 1] direction. For tensile and compressive creep tests, the observed trend shown in Fig. 11(b) , is opposite to that for the [0 0 1] direction. Micro-twins in the deformed micro-structure are observed for tension loading in the [0 1 1] direction, whereas no micro-twin induced deformation is seen for compression loading. Results of compression creep experiments with single crystals containing 70% volume fraction of cubic precipitates (Fleury et al., 1996; Karthikeyan et al., 2006) (Kakehi, 1999) in Fig. 11 for validation. The grain-scale crystal plasticity FE model satisfactorily predicts single crystal experimental data, including microtwin induced tension-compression asymmetry.
Augmented AE-CP model for polycrystalline microstructures
Polycrystalline microstructures of Nickel-based superalloys are modeled in this section using the homogenized AE-CP model with parametric representation of the c À c 0 microstructure, together with the micro-twin nucleation and evolution models. For modeling polycrystalline microstructures however, the AE-CP model should be modified to account for grain boundary lattice incompatibility. Hardening laws, accounting for GNDs, have been proposed to address lattice incompatibility in Acharya and Beaudoin (2000) using the Nye tensor along slip plane normal. In the present study, the dislocation density-based slip relations have been extended to take into account lattice incompatibility. The hardening parameters in Eq. (20) are augmented to account for lattice deformation incompatibility at grain boundaries due to plastic strain gradients leading to dislocation pileup. The athermal and thermal shear resistances in Eq. (20) are each divided into two parts, corresponding to SSDs and GNDs as:
These relations are consistent with those in the sub-grain scale model in Eq. (5), where the cutting and passing shear resistances are expressed as functions of parallel and forest dislocation densities. In Eq. (31) c 1 and c 2 are material constants, and q a GP ; q a GF are parallel and forest dislocation densities resulting from GNDs corresponding to Eq. (9). They may be written as: where v ab is the interaction strength coefficient and q GNDs ; q GNDet ; q GNDen are a screw and two edge components of the GND densities respectively.
Implementation of GND based Hardness in the polycrystalline AE-CP model
As in Eq. (32), two sets of edge dislocation and one set of screw dislocation densities are required to calculate hardening parameters due to lattice incompatibility from Eq. (31). Different methods can be applied to calculate the plastic strain gradient for representing GND densities, in terms of the Nye's dislocation tensor K that quantifies dislocations over a volume which has geometric effects. It is divided into one screw and two edges components. In a component form K ij refers to a set of dislocations with Burgers and tangent vectors along the i and j directions respectively. In (Arsenlis and Parks, 1999) , it has been calculated as 
Eq. (34) is an inconsistent system of 9 equations and 30 unknowns. A least squares solution that minimizes the error kfkg ¼ ½Afq GND gk yield the following problem to be solved:
3D virtual polycrystalline microstructure simulation and mesh generation
Virtual polycrystalline microstructures are generated using methods and codes described in Groeber et al. (2008a,b) and Thomas et al. (2012) , by matching morphological and crystallographic statistics obtained from EBSD data of microstructural sections. The virtual 3D models have distributions of orientation, misorientation, microtexture, grain size and number of neighbors that are statistically equivalent to those observed experimentally in the OIM scans. The method estimates 3D statistics from extrapolation of 2D surface measurements and data on polycrystalline specimens. The reconstruction algorithm is based on stereology, a method of creating statistically equivalent 3D morphologies from 2D measurements. Grains are allowed to assume appropriate shapes when placed in the ensemble. The morphological orientations of virtual grains are assumed to be random and they are placed in the aggregate based on neighborhood constraints. The average number of neighbors is assumed to be approximately 14 grains, with some variation according to grain size. It has been seen that the number of neighbors of a grain is strongly correlated to its size. Once the voxelized morphological structure has been built, the grains and colonies with fcc lattice structure are assigned orientations based on a random sampling from the orientation distribution functions. Misorientation and micro-texturing statistics are matched by an iterative process, where orientations are allowed to switch between grains or be replaced by new random orientations until convergence is attained. Fig. 12(a) shows a statistically equivalent polycrystalline microstructural RVE of dimensions 15 lm Â 15 lm Â 15 lm containing 62 synthetically generated grains. The commercial mesh generator Simmetrix is used to generate 3D finite element mesh with 10,877 tetrahedral elements.
Results of polycrystalline microstructure simulation
Material parameters for the elastic-crystal plasticity constitutive model are the same as those calibrated in Sections 3.1 and 3.2. The sub-grain considered has a regular array of cubic precipitates with a 70% precipitate volume fraction and cubic c 0 edgelength of 0:45 lm. Simulations are done for applied tension and compression strain-rate of 0:0001 s À1 in the z-direction at a temperature of 750°C. A tensile constant strain-rate is applied to the top z-surface, while rigid body modes are suppressed by applying boundary conditions on the bottom z-surface as: u z ¼ 0 on all nodes u x ¼ 0 on nodes on the line x ¼ 7:5 lm and u x ¼ 0 on nodes on the line y ¼ 7:5 lm;y ¼ 7:5 lm. The volume-averaged stressstrain responses for tension and compression are shown in Fig. 12(b) . There is a significant difference between compression and tension responses resulting from the differential activation of APB shearing and micro-twinning. Each of these mechanisms is triggered based on load direction, crystal orientation and morphology of the microstructure. Both tension and compression simulations see a combination of APB shearing and micro-twinning. However for tension loading, the effect of micro-twinning is higher than for compression due to crystal orientation, which is evident from the lower plastic slope.
Summary and conclusions
This paper creates a hierarchical framework for realizing a homogenized grain-scale crystal plasticity model that can be used for modeling polycrystalline microstructures of Ni-based superalloys. Specifically, an activation energy-based crystal plasticity (AE-CP) FEM model is developed that incorporates characteristic parameters of the sub-grain scale c À c 0 morphology. Hardening evolution laws are developed to reflect the effect of dislocation density distributions from the sub-grain RVE model, which represents deformation mechanisms in the temperature range 650 C 6 h 6 800 C. A significant advantage of this homogenized AE-CP model is that its high efficiency enables it to be effectively incorporated in polycrystalline crystal plasticity FE simulations, while retaining the accuracy of detailed RVE models. It would be impossible to simulate polycrystalline microstructures with direct numerical simulation of the subgrain morphology otherwise. The homogenized model incorporates the effect of important characteristics of the sub-grain c À c 0 morphology, viz. the volume fraction and shape of the c 0 precipitates and the c channel-width.
Parametric representations of these sub-grain morphology variables are incorporated in evolution laws of the homogenized AE-CP model that include both thermal and athermal shear resistance. The simplified RVEs with uniformly distributed generalized ellipsoidal particles provide a demonstrative platform for modeling framework connecting three-scales, one with explicit representation and the others with their respective parametric forms. Three homogenized parameters, viz. the thermal shear resistance, the saturation shear resistance and the reference slip-rate _ c Ã are expressed as functions of the sub-grain morphology variables. Size dependence that is explicitly represented in the sub-grain dislocation density crystal plasticity model through the presence of geometrically necessary dislocations or GNDs, is reflected in the homogenized AE-CP model through the explicit dependence on the channel-width. The homogenized AE-CP model is found to accurately reproduce the stress-strain response of the detailed c À c 0 RVE for a range of microstructural variations. It is also found to agree quite well with results of experimental studies on single crystal superalloys in the literature.
The other dominant mechanism at the grain-scale is microtwinning, which is taken into account through a micro-twin nucleation and evolution model that is incorporated alongside the homogenized AE-CP model. Tension-compression asymmetry, observed in creep experiments, is very well represented by this model. In the final ascending scale in this paper, a polycrystalline microstructure of Ni-based superalloys is modeled using the homogenized CPFE model together with microtwinning. The grain-scale model is augmented through the accommodation of GNDs in the hardness formulations to compensate for lattice incompatibility. A statistically equivalent, virtual polycrystalline microstructural model of the superalloy CMSX is created for simulating polycrystalline behavior. This polycrystalline constitutive model implicitly retains the effect of microstructure morphology while reducing computational cost by several orders of magnitude without significant loss of accuracy. This is necessary for meaningful simulations that can be corroborated by experiments and can be used to design morphology of the microstructure for improved performance.
